Abstract. Suppose that R is a ring essentially of finite type over a perfect field of characteristic p > 0 and that a ⊆ R is an ideal. We prove that the set of F -jumping numbers of τ b (R; a t ) has no limit points under the assumption that R is normal and Q-Gorenstein -we do not assume that the Q-Gorenstein index is not divisible by p. Furthermore, we also show that the F -jumping numbers of τ b (R; ∆, a t ) are discrete under the more general assumption that K R + ∆ is R-Cartier.
Introduction
The test ideal is an important and subtle object associated to ideals a in positive characteristic rings R. It measures the singularities of both the ambient ring and the elements of the ideal; see [HY03] . While the test ideal was initially introduced in the celebrated theory of tight closure of Hochster and Huneke (see [HH90] ), more recent interest in the test ideal has been in regards to its connection with the multiplier ideal -a fundamental invariant of higher dimensional algebraic geometry in characteristic zero; see for example [Tak06] or [MY09] .
Given a normal ring R essentially of finite type over a perfect field of characteristic p > 0, an ideal a ⊆ R and a real number t ≥ 0, one can form the (big) test ideal τ b (R; a t ) -an object which measures both algebraic and arithmetic properties of R and a. Inspired by the test ideal's close relation with the multiplier ideal J (R, a t ), people have studied the numbers t i where τ b (R; a ti ) changes. That is, people have studied the F -jumping numbers, see [MTW05] ; real numbers which are by definition the t i > 0 such that for every ε > 0, τ b (R; a ti−ε ) = τ b (R; a ti ).
One easy to observe fact about multiplier ideals is that their jumping numbers are discrete and rational, at least when R is Q-Gorenstein and normal; see [ELSV04] . Here, by discrete we mean that the set of jumping numbers with respect to a fixed ideal have no limit points. Because of this, various groups have recently worked to show that the F -jumping numbers of the test ideal are also discrete and rational; see [Har06] , [BMS08] , [BMS09] , [KLZ09] , and [BSTZ10] . In the most recent mentioned work, the author along with M. Blickle, S. Takagi, and W. Zhang, showed that the F -jumping numbers of test ideals formed a discrete set of rational numbers when R is normal and Q-Gorenstein with index not divisible by p > 0. Recall 2 KARL SCHWEDE that the index of a Q-Gorenstein ring R is the smallest natural number n where ω (n) R = Ø Spec R (nK R ) is locally free. The most fundamental case left open is the case when R is Q-Gorenstein, but of arbitrary index, see [BSTZ10, Question 6.1]. We answer this question at least for discreteness.
Theorem 3.5. Suppose that R is a normal domain essentially of finite type over an F -finite field. Further suppose that a ⊆ R is an ideal and ∆ is an R-divisor on X = Spec R such that K X + ∆ is R-Cartier (for example, this holds if ∆ = 0 and R is Q-Gorenstein). Then, as t varies, the F -jumping numbers of τ b (R; ∆, a t ) have no limit points -they are discrete.
We also point out why the existing proofs of rationality do not seem to work in the case that R is Q-Gorenstein with index divisible by p.
Recently, in [DH09] , de Fernex and Hacon gave a definition of the multiplier ideal without the Q-Gorenstein assumption and asked the question of whether discreteness and rationality of the F -jumping numbers still holds in this context. Following this, Urbinati showed that rationality need not hold but gave some evidence that discreteness may hold in general, see [Urb10] . This suggests that one should not expect rationality to hold in positive characteristic either. Acknowledgements: The author would like to thank Manuel Blickle and Kevin Tucker for several stimulating and valuable conversations. The author would also like to thank the referee for numerous helpful suggestions.
Definition of the test ideal
We only give a very brief description of the big test ideal in this paper. Please see [BSTZ10] for a more detailed description of the test ideal.
First we fix some notation. Given a ring R of characteristic p > 0 and M an R-module, we set F e * M to be the R-module which agrees with M as an additive group but where the R-module structure is defined by the rule r.m = r p e m. Also recall that R is said to be F -finite if F e * R is a finitely generated R-module. Convention: Throughout this note, all rings will be assumed to be Ffinite. Recall that an R-divisor on a normal scheme X is a formal linear combination of prime Weil divisors D i with real coefficients. An R-divisor D is called R-Cartier if it is equal to an R-linear combination of Cartier divisors.
We now define the test ideal
We work in this greater generality because when proving our main theorem, we perturb our initial triple
which has the same test ideal. ) is defined to be the unique smallest non-zero ideal J ⊆ R such that
for every e ≥ 0 and every φ ∈ Hom R (F e * R(⌈(p e −1)∆⌉), R). This ideal always exists in the context described.
Remark 2.2. In the case that K X + ∆ is Q-Cartier, the big test ideal is known to equal the (finitistic) test ideal (which we will not define here); see [Tak04] and [BSTZ10] for details.
If all b i = R, then we denote the associated big test ideal by τ b (R; ∆, a t ). Likewise if ∆ = 0, then we denote the associated big test ideal using the notation
where the inner sum is over φ ∈ Hom R (F e * R(⌈(p e − 1)∆⌉), R). To see this, simply note that the right side satisfies condition 1, and it is by definition the smallest ideal containing c satisfying condition 1, note a 0 = b
, we may view φ as determining an effective Weil divisor linearly equivalent to (1 − p e )K X .
Definition 2.4. We use D φ to denote the Weil divisor associated to φ in this way.
Given an R-divisor ∆ ≥ 0 on X, one has an inclusion Proof. Because all the module are reflexive the statement can be reduced to the case when R is a discrete valuation ring and ∆ = s div(x) where x is the parameter for the DVR R and s ≥ 0 is a real number. In this case, the inclusion from equation 3 can be identified with the multiplication map R → R which sends 1 to x ⌈s(p e −1)⌉ . Thus, φ ∈ Hom R (F e * R, R) ∼ = R is contained inside Hom R (F e * R(⌈(p e − 1)∆⌉), R) ∼ = x ⌈s(p e −1)⌉ R if and only if D φ ≥ ⌈s(p e − 1)⌉ div(x) = ⌈(p e − 1)∆⌉. However, since D φ is integral, it is harmless to remove the round-up ⌈·⌉.
Discreteness of F -jumping numbers
In this section we prove our main result. We accomplish this by perturbing our triples (R, ∆, a t ) in order to reduce the discreteness statement to the case where the (log) Q-Gorenstein index is not divisible by p > 0. First we need a lemma. ). This type of statement is essentially obvious for multiplier ideals, but because of certain issues surrounding the construction of test ideals we have thus-far presented, it is somewhat less obvious in this context. However, it is still quite straightforward especially from definition of the generalized test ideal by Hara-Yoshida-Takagi (the proof in that case uses the theory tight closure), see [HY03] and [Tak04] . We provide a short proof here certainly acknowledging that this statement is obvious to experts. 
Thus, since cf is also a test element,
We also need a very special case of Skoda's theorem. 
By Lemma 3.2, the F -jumping numbers of τ b (U ; ∆| U , (aR ′ ) t ) and the F -jumping numbers of τ b (U ; ∆| U + div(g), (aR ′ ) t ) coincide. Now using Lemma 3.1 we have
which proves the theorem.
Remark 3.4. If, in Theorem 3.3, K X + ∆ is Q-Cartier, then one needs only a single f b1 1 (and no other f bi i ). However, if the index of K X + ∆ is divisible by p > 0, then it follows by construction that b 1 will be a rational number with denominator divisible by p > 0.
We are now in a position to prove the discreteness of the F -jumping numbers in the case that X is essentially of finite type over a field. The proof idea follows the usual lines.
Proof. By [BSTZ10, Proposition 3.28], it is sufficient to answer this question on a finite affine cover of X. Therefore, we reduce to the case that X is one of the charts from Theorem 3.3. In particular, it is sufficient to prove our result for triples of the form τ b (R; Γ, f 
